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Constraints, histones, and the 30-nm spiral
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We investigate the mechanical stability of a segment of DNA wrapped around a histone in the nucleosome
configuration, under the assumption that the proper model for this packaging arrangement is that of an elastic
rod that is free to twist and that writhes subject to mechanical constraints. We find that the number of
constraints required to stabilize the nuclesome configuration is determined by the length of the segment, the
number of times the DNA wraps around the histone spool, and the specific constraints utilized. While it can be
shown that four constraints suffice, in principle, to insure stability of the nucleosome, a proper choice must be
made to guarantee the effectiveness of this minimal number. The optimal choice of constraints appears to bear
a relation to the existence of a spiral ridge on the surface of the histone octamer. The particular configuration
that we investigate is related to the 30-nm spiral, a higher-order organization of DNA in chromatin.
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[. INTRODUCTION combination of constraints that serves to stabilize a given
configuration. “Economy” in this case refers to the number
The issue of DNA packaging has been the subject of inof constraints required to accomplish stabilization. We are
tense research for the past forty years. The remarkable faable to establish in the case of particular interest to us that a
that a meter of DNA(the total length of the human genome nucleosomelike configuration of DNA is rendered stable by
fits into a cell nucleus having a typical radius of a few mi- four constraints, and that no fewer constraints will accom-
crons, and that, thus packed, still manages to perform all itglish this.
biological functions, has captured the attention and continues The conjecture that underlies the work reported here is
to challenge the ingenuity of researchers. The fundamentahat the portion of DNA that is wrapped around a histone is
unit of DNA packing in eukaryotes is the nucleosofi¢?].  in a state of unstable mechanical equilibrium that is rendered
In the nucleosome configuration, a portion of the DNA mechanically stable by the constraints associated with the
strand wraps approximately one- and three-quarter timehistone spool. There are reasons to believe that such a state is
around a protein spool, known as a histf8e5]|. A string of  desirable. Imagine a pencil standing vertically on its point.
nucleosomes is believed to participate in the next higher orwhile this state will not persist in the absence of outside
der of DNA packing by folding to form the so-called 30-nm influences, it can be sustained without application of substan-
fiber [6]. Even higher orders of organization have been contial external forces. In fact, no force at all is required to
jectured, but as yet there is nothing approaching a completguarantee the persistence of this state if the pencil is exactly
understanding of the physical structure, at all orders, of theertical. By the same token, the removal of the constraint
DNA in the cell nucleus. Indeed, the detailed oragnization otthat keeps the vertically balanced pencil from toppling is
DNA and proteins in the 30-nm fiber is not entirely settledaccomplished at no energetic cost. Viewed in this way, the
[7-10. nucleosome configuration represents a highly efficient strata-
In this paper, our ultimate focus will be on a single nu- gem for the local packing of DNA, in that the histone spool
cleosome. We will present a model for the action of histoness introduced and removed with minimal expenditure of re-
in nucleosomes. We treat the segment of DNA in a nucleosources.
some as an elastic rod and apply an approach first developed Of course, because DNA is, in its “naked” state, highly
by Kirchhoff [11] to obtain the equilibrium configurations of charged, electrostatic interactions play an important role in
DNA in the absence of histones. We assess the stability ahe behavior of this molecule, botim vitro and in vivo.
the elastic rod with respect to small deviations from the equi-These interactions are, apparently, key to the condensation of
librium configurations, and we find that all configurations DNA in prokaryoteq12]. Furthermore, electrostatic interac-
that are not equivalent to a straight rod are unstable to fluctions, highly screened though they may be, could be impor-
tuations. More specifically, all nontrivial equilibrium con- tant contributors to the energetics of the DNA-histone inter-
figurations represent saddle points in energy space. Then veetions. They are ignored in this work. Nevertheless, the
prove that the presence of histones provides a physicalucidation of the stabilization of configurations within the
mechanism by which more compact configurations of DNAcontext of the purely elastic model of DNA ought to aid in
are rendered stable against purely mechanical fluctuationghe investigation of similar questions for DNA, subject to the
The specific mechanism is a set of constraints on the flucinfluence of additional interactions and degrees of freedom.
tuations about mechanical equilibrium, which can be simply  An outline of the paper is as follows. In Sec. Il the Hamil-
modeled mathematically. The stability of the equilibrium tonian governing configurations of DNA, modeled as a bent
configuration is then framed in terms of the determinant ofand twisted rod, is presented, along with the quadrature so-
an nXn matrix, wheren is the number of constraints. Of |utions to the extremum equation for that Hamiltonian. Sec-
special interest to us is the question of the most economicaion Il reviews the formulation of linear stability analysis in
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Here,sis the arclength along the rod. A way to determine the
equilibrium configurations of the rod is to supplemént,giic
with the term

EC=—Ff cosé(s)ds. (2.2

This contribution can either be seen as a Lagrange multiplier
that enforces a given end-to-end distance, or as representing
the effect of tension on the rod.

Finally, in certain cases, an additional constraint guaran-
this case. A key result of the considerations outlined in thigees constancy of the end-to-end linking number. In the case
section is that any nontrivial extremal configuration of bentof a rod with clamped ends, this quantity is given by
and twisted DNA will be mechanically unstable if the strand
is long enough, and if there are no constraints on fluctua-
tions. This means that all extremum solutions for an infinite ke — if (d¢(5) N dlﬂ(S))dS
strand of bent and twisted DNA represent saddle points of 2 ds ds
the energy. Section IV introduces the notion of mechanical
constraints, particularly those constraints associated with the
requirement that the straight-line distance between twdNote that Eq.(2.3) is an integral over a perfect differential.
points on the DNA does not change as the segment fluctuFhis reflects the topological character of the linking number.
ates. The way in which this and other constraints are mathA fixed linking number is enforced with the use of a
ematically implemented is discussed in this section, and ifagrange multiplier. The quantity to be minimized is, then,
Appendix A. In Sec. V we address the issue of the number othe combination
constraints required to stabilize a section of bent and twisted
rod against fluctuations about an extremum solution. We find
that the minimum number of constraints needed to do this is Eelasict Ec—ALk. 2.4
equal to the number of unstable eigenmodes of a fluctuation
operator introduced in Sec._III._Schon VI contains a dlscusAS the linking number is not a quantity of interest here, we
sion of the effects of a periodic array of constraints on the

- S . . ignore the final term in Eq(2.4).
stab|I|ty. of an |nf|n|tely Iong section O.f a bent _and “’.V'St‘?d The extremum equations have been extensively investi-
rod. This discussion provides a leadin to our investigation

into the influences required to stabilize the nucleosomal congated[l?’]' They are identical to the equations for the behav-

) ; i o .~“"lor of the heavy symmetric top. The connection between top
figuration (.)f DNA. Itis also re'e"?‘”t to the s_tab|I|2|ng action 1 vtion and the deformations of a thin rod was first noted by
of a protein armature on DNA in chromatin. Sections VII

and VIII directly address the issue of the stabilization ofKirCthff in 1859[11], and is known as the "kinetic ana-

. y . i logue” [14]. Those equations reduce to the following set of
DNA in the nucleosomal configuration. There are four un- ree-
stable modes in the case that we investigate. We find that1 '

four constraints suffice to counteract them. However, we also

FIG. 1. The Euler angles, ¢, and .

(2.3

find that those constraints must be chosen with care. The d¢ J,—J,c0s0
effective set reflects the known structure of histone, in par- —=¢ Y (2.5
ticular a spiral groove that has been identified. In our model, ds Asir? 6
this groove acts to limit the ability of the DNA wrapped
around it to slide parallel to the spool’s axis.
dy J, d¢

IIl. HAMILTONIAN AND EXTREMUM SOLUTIONS ds_C  ascos?: (2.6

The configuration of the twisted, writhing rod is charac-
terized in terms of the Euler angles, depicted in Fig. 1. We >
assume an isotropic rod, characterized by a bending modulus \/E% _ ] g—dyc080) E-—F cosd
A and a torsional modulu€. The elastic energy of the rod, 2ds 2Asir? 0 0 '
in terms of the Euler angleg(s), ¢(s), andy(s), is given (2.7
by

Al[d6b(s)|? 2 de(s)|? The quantities], J,, andE, in the above equations are
Ee'aS“CZJ 21\ ds +sim 6(s) ds integration constants. The quadrature result for the afigge
Cldu(s) d6(5)]2 the result of the integration a¥E;q;/56. Defining u=cosé,
n |4 + cos(s) " } ]ds. 2.1) ]Eg(ra ;)_ehawor of solutions can be extracted from the equation
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FIG. 3. The effective potentiay/(s) in the operator in Eq3.1).
The values of, b, andc are as given in Eq$8.1), (8.2), and(8.3).

IIl. STABILITY DETERMINATION

The stability of an extremum configuration is determined
by altering the configuration and calculating the change in
the quantity that is extremized. In this case, the quantity of
interest is the elastic energy. A stable solution is one that
minimizes the energy. If the quadratic effect of any small
deviation from this solution is to lower the energy, then the
solution cannot represent stable equilibrium. Instead, the
configuration is unstable; it is either a maximum energy con-
figuration, or a configuration at a saddle point of the energy.
In the case of the equations for the elastic energy of a twisted
and bent rod, the second-order effect of second-order fluc-
tuations is obtained by taking second functional derivatives
of the expression in Eq2.1) with respect to the Euler angles
0, ¢, andys, and then by setting those Euler angles equal to
their classical values. After a bit of reduction, we find that
the question of the stability of a classical configuration can

FIG. 2. The solution to the equation that corresponds to thé®® framed in terms of the spectrum of the following operator
nucleosome configuration. [16]
du ¢ +V 3.1
2(1—u?) 1,
Vo1 lue @2
S)=——————+=U(s .
(28) 4 [1_u(s)2]2 2

B du
B \/ZF '
T(u—a)(u—b)(u—c)

wherec<u<b<a. The characteristics of the solutions de-  x(s)=[2—u(s)][1—u(s)]2(a+1)(b+1)(c+1)

pend on the quantities, b, andc. The property of solutions

have been completely investigatEtb] for different values +[2+u(s)][1+u(s)]*(a—1)(1-b)(1-c).

of a, b, andc. We focus our attention on those configura- (3.3
tions that have the same configurational form as a segment of

DNA in a nucleosome. For specific value af b, andc we  Here,u(s) is the solution for cog(s) displayed implicitly in
have obtained a solution that is depicted in Fig. 2. The reasoRq. (2.8). If all eigenvalues of the operat@8.1) are positive,
that we have made the choice of parameters above has to tlien the solution to the classical equation is stable. If any is
with the close visual relationship between the conformatiomegative, then there are fluctuations that decrease the energy
of the bend and twisted rod as displayed in Fig. 2 and th¢o a value below its classical value. Note that the operator in
DNA in a commonly conjectured form of the 30-nm spiral question resembles the Hamiltonian for a one-dimensional
[6]. We operate here under the assumption that this configuarticle in the potential/(s). In Fig. 3, we display this po-
ration is a reasonable representation of the organization déntial for the choice of parametesisb, andc utilized in this
DNA in this component of chromatin. investigation. The potential, which has been displayed for an

and
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decl(s)/ds straints. These constraints are expressed mathematically as
the requirement that a property of the DNA’s configuration
does not change under distortions about the extremum solu-
tion. The physical constraint that a certain quantity be kept
constant translates fairly straightforwardly into a set of math-
ematical conditions on the fluctuation spectrum. In turn,
these mathematical restrictions lead to a reformulation of the
method by which the fluctuation spectrum is determined. The
FIG. 4. The translational moddé(s)/ds. Also shown, as a reasoning leading frqm physical con.strair)ts to a new ap-
dashed curve, is the effective potentifs), in the operator in Eq. proach for the_ determination of effe_ctlve elgenvall_Jes of the
3.1). gneir fluctuation energy operator is presented in Appen-
ix A,

extended range of the arclengthhas the form of the sort of ~ Briefly, a constraint on the conformation of a bent and

periodic potential encountered in discussions of electrons ifivisted rod is expressed mathematically in terms of a condi-

metals and semiconductors. As in this case, the eigenvaldion of the form

spectrum consists of bands of “allowed” states, separated by

“forbidden regions.” The question is whether all or part of _

any of the bands lie below zero. As it turns out, this is in- f F(8(s). #(s). 4(s))ds=const. @0

deed, the case.

The reason for this is that one can identify a mode having/nder the assumption that EG.1) is satisfied for the ex-

an eigenvalue that istrictly equal to zero—the translational tremal configuration, one then expands to the first order in

mode, equal to the derivative with respectstof the classi- deviations from the extremal forms 6(s), ¢(s), andy(s).

cal solutionfy(s). The existence of this mode follows from As it turns out, the first-order corrections #(s) and ¢(s)

the translational invariance of the extremum equations, and /re readily expressed in terms of the correctio@(s). This

is known to play a key role in, for instance, the question ofiS because of the simple way in which these two angles enter

tunneling between the false and the true vacuum in quantuninto the expression for the total energy in Eg.1). If we

field-theorie 17]. The translational mode in this case is dis- denote byy(s) the displacement ob(s) from its “classi-

played in Fig. 4. Note that this mode is not spatially uniform,cal” form, the general constraint equati¢f.1) becomes

and, in particular, that it possesses nodes. On the basis of

elementary considerations, one knows that there are, as a

result, solutions to the effective Schiinger’'s equation asso-

ciated with lower—hence negative—eigenvalues. Figure 5

displays the band structure associated with the potential iwhere the subscript “cl” indicates that the quantity is a so-

Fig. 3. In an infinitely long section of a twisted and bent rod lution to the extremum equations.

that has taken the configuration pictured in Fig. 2, there is an For closed configurations, such constraints arise naturally

infinitely large set of distortions that will lead to a lowering from the preservation of the topologice., linking numbey

of the rod’s total elastic energy. In fact, the reasonable exef the original configuration, and from the requirement that

pectation is that these distortions are a route to interwindingthe distorted rod continues to close smoothly on itself. Here,

such considerations do not necessarily apply, although one

IV. THE SOURCES AND MATHEMATICAL might imagine cases in which a “pinning” of the ends of a

IMPLEMENTATION OF PHYSICAL CONSTRAINTS segment forbids any alteration of the linking number. Nev-
ertheless, “boundary conditions” that result from physical
Stabilization Of the ClaSSical, or extremum Conﬁgurationconstraints on the end points of a given Segment do give rise
can be achieved by the introduction of mechanical contg mathematical constraints on fluctuations about a given
configuration. Whether or not boundary conditions will sta-
7L bilize a segment of bent and twisted rod against thermally
driven fluctuations depends on the length of the segment. If
the segment is short enough compared to the persistence
length of the rod, such stabilization is possible.
Constraints may also be imposed as the result of physical
}L_ barriers. For example, imagine that the displacement vector
— between two points on the bent and twisted rod is not al-
lowed to vary. One might imagine such a constraint being
enforced with the use of a stiff, inextensible “brace” firmly
attached to the rod at the two points in question. This brace is
then immobilized against rotations. The displacement vector
between the two points is represented as

f f(0c(S), dai(S), () ¥(s)ds=0, 4.2

FIG. 5. The spectrum of the potential shown in Fig. 3. R0=§(x0+§/y0+220, (4.3
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where

Xo= fszsin f(s)coso(s)ds, (4.4

Yo= Jszsin 0(s)sing(s)ds, (4.5
S2

zo=f cosé(s)ds. (4.6)

The constancy of each component of this displacement ve
tor is ensured by a set of three constraints on the deviationt

of the Euler angled(s) from its extremum value. If we write

0(s)= 6 (s)=y(s), 4.7

then the following three conditions hold:
(1) constancy of thex component of the displacement
vector

OX= fsz|u(s)c03¢c|(s)

[F pa[1-u(s)]?+py[1+u(s)]?
- ﬂ [1_U(S)2]3/2 Tx(s) ( y(s)ds

=0, (4.9
where the quantityZ,(s) is given by
Ix(s)=fsx/l—u(s’)zsinqbd(s’)ds’; (4.9
S1

(2) constancy of they component of the displacement
vector

w=fﬂm9wwaﬁ

[F pil(1—u(s)]*+po[1+u(s)]?
VoA [1—U(S)2]3/2 Iy(s) y(s)ds

(4.10

Iy(s)zF\/l—u(s’)zcos¢c|(s’)ds’; (4.1
S1

(3) constancy of the component of the displacement vec-
tor

S
5z=f * J1—u(s)2y(s)ds=0. (4.12
S1
In the above relations
Pz =[(cx1)(bx1)(ax 1)]Y2, (4.13
|2/

PHYSICAL REVIEW &4 051918

As an alternative to the above set of three constraints, one
might imagine that the projection of the displacement vector
in a given direction is held constant, in which case the con-
straint is a linear combination of those constraints:
XoOX+Yqdy+2762=0. (4.19

As an example of the use of this less restrictive constraint on
fluctuations of the bent and twisted rod, imagine that the
brace is allowed to rotate, but that it remains stiff and inex-
tensible. Then the single constraint that holds is that the pro-
jection of the displacement vector along the original direc-
jon of the brace is held fixed. Thus, physical constraints on
e possible contortions of a strand of DNA translate
straightforwardly into mathematical constraints on the fluc-
tuations of that strand about its “classical” configurations.

V. NUMBER OF CONSTRAINTS REQUIRED TO
STABILIZE A CONFIGURATION

It appears intuitively obvious that the stabilization of a
given configuration, when there are a given number of un-
stable modes, requires the imposition of an equal number of
constraints. It is fairly straightforwardly demonstrated that if
there aren unstable modes, then at leastconstraints are
required to stabilize them. To see that this is true, suppose
that the operatoil. has four negative eigenvalues. Also,
imagine that three constraints have been imposed, of the
form

<f|Xj>:f f(x)xj(x)dx=0 (5.1

for any fluctuationf(x). Here 1=<j=<3. The four eigenfunc-
tions having negative eigenvalues will gx), with 1<i
<4. Let's define

gi,Ef &(X) x;(x)dx. (5.2
Now, take a fluctuation that is of the form
4
f00=2, ai&i(x). (5.3
The three constraint equations are of the form
4
E aigij =0. (54)

=1

These are three equations in the four unknoanswe will
assume that not afj;;'s are equal to zero for any Then, it

is possible to set one of tt&’s equal to one. The equations
reduce to three linear, inhomogeneous, equations in three
unknowns. Unless there is some degeneracy, it will be pos-
sible to find a solution to those equations. This means that a
function of the form(5.3) will obey the constraints. Further-
more, the expectation value
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distorted DNA, or, equivalently, a long section of the bent-
<f||-|f>=f FOOL(x,x")f(x")dx dx (5.5  and-twisted rod. Here, the set of fluctuations that lowers the
energy of the unstabilized configuration is quite large. This
will be given by implies the need for a large number of constraints. When the

strand is infinitely long, and the number of unstable me-

4 ) chanical modes is infinite, then an infinite number of con-

<f||—|f>=_21 aj\;. (5.6)  straints is required. We will look here at the stabilizing effect
o of a periodic array of constraints.

Given that the foui;’s in the sum are all negative, we have The operatot. controlling the stability of the equili'brium
a fluctuation for which the expectation value of the linearconfiguration of a long segment of the bent-and-twisted rod
operatorlL is negative. has the form
It is, thus, clear that three constraints do not suffice to )
stabilize a classical configuration against fluctuation when _ d—+V(x) 6.1)
there are four unstable modes. This conclusion generalizes dx@ ' '
straightforwardly to the case ai unstable modes anch
<n constraints. On the other hamd¢onstraints mapr may  where the potential terf(x), is periodic, in that
not prove sufficient to guarantee stability. Consider, for ex-
ample, the case of a single instability. Let the unstable mode V(x+a)=V(x). (6.2
be £5(x). If the single constraint requires that all fluctuations , i ) )
be orthogonal toy(x), then the equation satisfied by the According to Floquet's theorem, the eigenfunctions of the

eigenvalues\ of the constrained fluctuation operator is above operator are of the form

2 b k() =€"*Cp (%), (6.3
jfi(X)X(X)dX o :
—0. (5. wherek, called the crystal momentum in solid-state physics,
i A=A\ is confined to a Brillouin zone. The most convenient Bril-

_ ) - _ ) ~louin zone for our purposes is m/a<k</a. The function
Itis straightforwardly verified that solutions of this equation ¢ (x) is periodic inx, in that

lie between consecutive eigenvalugsof the unconstrained

fluctuation operator. Thus, the lowest allowed eigenvalue of Chx(xta)=Cp(x). (6.9

the constrained operator lies above the lowest eigenvalue in

the unconstrained system. However, it also lies below thdhe integemn is called the band index. The eigenvalue of this

next-lowest unconstrained-system eigenvalue. eigenfunction is also indexed by the crystal momentum and
To see that stabilization may or may not occur in thisthe band index, i.eE .

case, we consider two particular subsets of the many possible If a periodic array of constraints is imposed, in that we

alternatives for the functiory(x). First, imagine thafy(x) require all fluctuations to be equal to zerokatb+ ma, with

x&y(X). Then the constraint entirely eliminates the unstablem an integer and-<<m<, then the requirement that the

mode and stability is guaranteed. On the other hand, supposketerminant is equal to zero translates into the requirement

that x(x)= & (x) with i#0. Then, a stable mode is elimi- that the following product is equal to zero:

nated, and the unrestrained unstable mode contributes to the

. . e s . mla

fluctuation spectrum. The instability is entirely unaffected.

AL 7, 6.5
VI. THE EFFECTS OF A PERIODIC
ARRAY OF CONSTRAINTS where
In the case of DNA confined to the nucleus of a cell, it is |Chk(b)|?
widely conjectured that the packing of DNA is accomplished Fk)=2, oo (6.6
n n,k

with the use of a hierarchical organization of the long strands
that constitute the genome. Given that this organization wil

Egtnt*_);ng_t\rxiesiggnL%Eglymsggg:eO?trgﬁuAre’sg:n[eea;t)n\’\sll{tgi?“;h orresponding to a fluctuation lies between the lowest value
mechanism is required. The histone s 'ools rovide one setgo En, as afunction of the band indesand the next lowest

. q : P P value of that eigenvalue. Suppose we impose two con-
constraints, but these operate on the lowest level of organi-

. . : o " . straints, by requiring that the fluctuations are zerxatb,
zation. It is possible that a protein “armature” provides the - . , ;
S ! . +maandx=b,+ma Then, the determinant will consist of
necessary stabilization at higher levels. Here, we discuss the

implications of the kinds of mathematical constraints on? product of terms of the form

LI'his tells us that for every value &f the lowest value ok

fluctuations about unstable mechanical equilibrium that one C b,)C b,)—C b.)C b.)12
can reasonably associate with the mechanical influence of 3 [Cn, k(02)Co, (b2) = Ci, 1(D2)Co, (D]
this mechanism for stabilization. Na>np (En, k= M(En, k=)
In this context, we focus on the case of a long strand of (6.7
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O'W q

FIG. 6. Alteration of the band structure as the result of a peri-
odic array of constraints. The dotted curves are the bands in the
absence of constraints. The solid curves represent the influence of
constraints.

In this case, it is possible that the lowest solution of the
characteristic equation will lie even higher than when there is
only one constraint per period. FIG. 8. A schematic representation of a nontrivial supercoiled
As an indication of the effect of an array of constraints,configuration of DNA stabilized by a protein armature.
botontalthat i equal 10 610 everyinere, As s well Known 210 WO constiints per perod are compared with the
. . . . o -7 \-versusg relationship for the unconstrained operator.
one can imagine a one-dimensional Brillouin zone of fixed

: . : . : This brings us to the way in which a physical armature, in
width. The dispersion relation can then be expressed in terM$ie form of a protein scaffolding, can act to stabilize a non-

of a series of curves in which the “crystal momentum” is yyially supercoiled DNA configuration. We imagine a con-
restricted to this zone. There are no band gaps, but OtherW'E’rPguration as depicted in Fig. 8. The contacts between the

the bands are well behaved. Now, one is interested in theNA and the armature will stabilize the DNA against fluc-
expectation values of the operator tuations.

Lo=—d?dx2. (6.8 VII. THE CASE OF A NUCLEOSOME: PRELIMINARIES

. . L In the nucleosome configuration a segment of DNA wraps
Imagine th_at the Iatnqe spacing is one, and take for. the funcéround a collection of proteins known as a hist¢h8]. In
tion to which fluctuations are orthogonal, a Gaussian of thq

form he schematic depiction of the nucleosome, the DNA seg-

ment is represented as a spiral surrounding a cylinder. See
) Fig. 9. As a first step in our investigation of the stability of
x(x)=e"*. (6.9  the spatial configuration of the segment of DNA that partici-
pates in the nucleosome we will look at the stability of the
The array of functions are copies of H§.9) centered about
the pointsx=+*1,=2,=3 ... . The solution to the equation
setting(6.5) equal to zero is graphed in Fig. 6. Also shown in
that figure are the “bands” of the unconstrained operator.
Note that the allowed values of for fixed crystal momen-
tum g, lie between successive bands. This is a general feature
of the array of constraints.
The effects of a pair of constraints in every period is
illustrated in Fig. 7, where the values of thefor both one

Ala)

FIG. 7. Alteration of the band structure as the result of a peri-
odic array of constraints, when there are two constraints per period.
Here the solid curve is the result far(q) when there are two
constraints per period. The dashed curve represents the influence of
one constraint, and the dotted curves are the bands in the absence of
constraints. The solid curves represent the influence of constraints. FIG. 9. Schematic of the nucleosome.
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spiral solution to the energy extremum equations for a bent-
and-twisted rod.

Now, the spiral is a special, limiting case of the solutions
to the classical equation far(s) =cosé(s). In this solution,
the equalityb=c holds, andu(s), which lies between those
two parameters in the classical solution is, thus, fixed at their
common value, which we henceforth céll The complete
determination of the solution requires that we set the param-
etera and choose signs in E¢4.13. We find that there are
four possibilities for the solution, corresponding to the four
choices of the two signs. Two of the solutions are for a
left-handed spiral, and in the other two the spiral is right
handed. In the case of the nucleosome, DNA is wrapped
around the histone spool in a left-handed spiral. Given the
sense of the helical solution, there the two alternative solu-
tions are spirals where the arclength of a single turn is either
greater or less than®/F/A. The quantityyF/A is the per-
sistence length of the rod, and the only intrinsic length scale
in this system. If we rescale arclengths so that they are ex-
pressed in units of F/A, then the rate of change of the Euler
angle ¢(s) in this classical solution is given by

do(s) _vatl=* Jya—1

ds = 7z (7.9
The diameter of the cylindrical region encircled by the heli-
cal solution is given by FIG. 10. The constrained spiral.
N ey N point immediately above or below it. As shown in the figure,
at 1+ /a_lslne— V1-b%2(Vat17a-1), there are two “lines” of these rods, on opposite sides of the

(7.2)  spiral. As we will see, this arrangement proves sufficient to

stabilize a family of spirals against fluctuations.
while the distance between successive turns of the helix, The requirement that the distance between a point on the
measured along the direction parallel to the cylinder’s axisspiral and a point separated from it by a single turn of the

is given by spiral, translates into the following requirement on a fluctua-
s tion, ®(s)
22
————cosf#=\2m(Ja+ 1T Ja-1)b. (7.3 st 7
a+l*+ya—-1 f ¢(s)ds=0. (7.5
So
The linear equation, the eigenvalues of which yield the ) . ] ) )
energies of fluctuations about the classical solution, is ~ Here, sy is the location of the first point along the spiral,
while 7 is the “period” of the spiral, the backbone distance
d2d(s) from a point on it to the point ofone turn of the subsequent
— 02 +(b—a)®(s)=\D(s). (7.9 spiral. In this case
V2
The parametea must be greater than one to ensure real = ——27. (7.6)
solutions to the classical equations, while= cosé lies be- atlxya-1

tween 1 and—1. If the length of the spiral is allowed to

become infinite, then, in the absence of constraints, there ad/€ Will henceforth take the sign in E(7.6) to be the upper
an infinite number of solutions to Eq7.4) with negative ~ON€ corresponding to the more tightly wound of the two
values of\. branches. Then, the periodic set of constraints indicated in

Equation(7.4) is just the kind of equation for which one Fig. 10 Iead_s to the_ following equation for the eigenvalues of
might envision stabilization as the result of the imposition ofth€ constrained spiral:

a regular array of constraints. Here, we ask what physical o
constraints will have the effect of stabilizing the extended 1 -0, (7.7
helix against fluctuations. One possibility is depicted in Fig. n=7e (k+2nw)[(k+2nw)®—(N+a—b)]

10. The vertical dark lines in the figure represent rods that
enforce a fixed spacing between a point on the spiral and thehere
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L (7.9

This equation is a specific realization of E§.6), in which factors that are independent of the summation variahkeve been
omitted. The sum in Eq.7.7) can be performed with the use of contour integration. The equation that results is

km aJa—b+A\ kam w@Ja—b+A\ kr
’7T(1)C0[( e e— _7TC!)C0[( e e— —772\/a—b+)\csc<%

2

20 20 20 20
A(a— bt N) %202

=0. (7.9

The minimum value of tha that solves this equation corre- This portion is illustrated in Fig. 12. Note that the loops are

sponds tk= * w, at which point not compact as in the standard picture of a nucleosome. The
5 case here is a bit figurative, as we are interested in the notion
A=—-atbtw of organization on a larger scale as envisioned in some ver-
2 sions of the 30-nm spiral.
——a+b+ vatl+va-1 The “bare” stability of the two-loop portion of DNA was
J2 calculated by assuming that fluctuations were consistent with

free boundary conditions, in which the slope of the fluctua-
=b+a*-1. (7.10  tions in the angl&(s) is set equal to zero at the two ends of
) ) ) ) the DNA segment. With these boundary conditions, we find
A' graph of \ +a— b)/_w as a functl_on qk/w IS ;hown N that there are four unstable modes of the fluctuation operator
Fig. 11. The constraints depicted in Fig. 10 will keep the(3_1), with potentialV(s) as given by Eq(3.2. The eigen-

spiral in place against thermal fluctuations. functions associated with those fluctuations are shown in Fig.
13. In line with the discussion above, this implies the need

VIII. STABILIZATION OF A SINGLE NUCLEOSOME for at least four constraints on fluctuations of the segment of
IN A 30-nm SPIRAL-LIKE ARRAY DNA that is wrapped about the histone in this configuration.

The construction of these eigenfunctions required an elabo-

Here, we take the point of view that there is merit to the . . . o
notion of an organized and orderly array of nucleosomes i ation of the Integration method that we generall_y utilized to
the 30-nm spiral, and we search for this order in the solutio ind the solution of the linear second-order equation that gov-

to the energy extremum equations for a bent-and-twisted oS fluctuations about extremal solutions. This elaboration

Interestingly, solutions that mimic a conjectured form of this'™ c\jll\?glézf)%iemt:gs:grilg tiét the histone provides constraints
higher-order structure can be found. One such solution is P

depicted in Fig. 2. As previously noted, this solution bears a the most “efficient” manner, that is, that nL_meer of con-
visual relationship to the coiling of DNA in a conjectured straints that follow from the presence of the histone does not

form of the higher-order structure known as the 30-nm Spi_exceed the minimum number required to guarantee stability

al. The specific values of the parametersb, andc that |00 RCeeE T00 I S ary flctlations
generate this configuration are P y

of two loops with respect to each other. With this in mind,

a=1, (8.1 we started by fixing the distance between two different
points on the segment of DNA that wraps around the histone
b=0.656 009 130 822, (8.2 octomer. As shown in the previous section, at least four con-
straint functions are required to stabilize the nucleosome
c=-0.85. (83) structure.

Our strategy is to construct four constraint functions, each
In this study, we focus on a particular portion of this struc-associated with fixing a different distance on a segment of
ture, corresponding to two loops in the distorted DNA strand.

(7»+az—b) /®?

3
2

10 T 2k/o)

FIG. 11. The eigenvalue of the constrained fluctuation operator FIG. 12. The portion of the compound spiral in Fig. 2 that
in the case of interest here. corresponds to a nucleosome in the 30-nm spiral.
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L0

. G

c)
- | -
B JJ( N -EJTLLA

O(s)

A= -6.04910501 A= -6.04909912 m -0.05
b) d)
-0.1
= ) /\ FIG. 14. A determinant associated with one of the constraints
& S © S that does not stabilize the nuclesome configuration illustrated in
Fig. 16. Note that this determinant passes through zero as a function
of A for A<0. Recall that zeros of the determinant are proportional

A= -6.04910207 e 0.08066890 to energy eigenvalues of the fluctuation operator.
FIG. 13. The four unstable eigenvalues of the fluctuation opera

tor for the “nucleosome” configuration illustrated in Fig. 16. The

associated eigenvalues are shown immediately below the graphs.

value and fourtias shown in the pictujes very large com-
pared to distance between other eigenvalues. As a result it is
not at all easy to find a set of constraints that eliminates all
pegative eigenvalues.

In the end, consideration of the detailed structure of the
nucleosome, and a knowledge of the nature of the periodic
constraints that stabilize a long spiral of DNA, led to four
constraints that give rise to mechanical stabilt]. Three
P _ of the four constraints corresponded to rods that stabilize the
(s)®d(L—s) . ) )

L=—" " (8.4) segment against motion parallel to ttmurved axis of the
®'(L) histone, and the fourth is in the form of a “diagonal” strut,
reaching nearly across the double-looped segment. In more
Here,®(s) is an eigenvalue of the operat@.1) that has the detail, the constraints correspond to rigid, but hinged rods
property®’(0)=0. The quantityL is the total arclength of that join points in the nucleosomelike segment as follows:
the nucleosomal segment. (1) The diagonal strut reaches from a quarter of the way

As an initial attempt, we fixed four “diagonal” distances in the first loop, to a quarter of the way from the end of the
between two loops. We fixed these distances only inxlye  second loop. This is the long, diagonal support illustrated in
plane. We assume that the histone has a distorted cylindric&lig. 15. Note that the picture of the nucleosome here is figu-
shape, and this way we fixed the radius of cylinder in fourrative, in that the “real” histone, as shown in Fig. 16, has a
different places. With this set of constraints, the DNA seg-curved axis, so as to fit into the loops of the nucleosomal
ment has some freedom to move vertically as long as it iDNA.
wrapped around the histone spool. In this case, we found that (2) The second support runs parallel to the axis of the
constraints only removed two negative eigenvalues and thkistone, from a quarter in the first loop to a quarter in the
system remains mechanically unstable. We then tried quite second. This is the topmost horizontal support in Fig. 15.
few set of constraints related to keeping the segment of DNA (3) The third support, also parallel to the axis of the his-
loosely on the histone octomer. A few of these sets of contone, extends from the halfway point of the first loop to the
straints can be seen in the Fig. 18. None of these sets dfalfway point of the second loop.
constraints was able to eliminate all negative eigenvalues. (4) Finally, the fourth support, which, like the second and
An example of the determina(®,,|, defined in Appendix A, third ones, runs parallel to the histone’s axis, joins the point
associated with one of the sets of inadequate constraints, fbree quarters of the way into the first loop to the point a
shown in Fig. 14. quarter of the way into the second loop from the opposite

As indicated by the brief account above, the task of conend. This is the bottom horizontal support in Fig. 15.
structing such constraints is by no means trivial. Four con- The equation for eigenvalues of the fluctuation spectrum,
straints chosen at random, will not, in our experience, provenow has the form of the characteristic equation of the appro-
adequate to the task of stabilizing the DNA segment againgtriate version of the matriG, displayed in Eq(A6). The
fluctuations. To understand the mechanism of removing of @eterminant of this matrix, as a function of the eigenvalue
negative eigenvalue better, we constructed a five by five mgparameten\, is shown in Fig. 17. The zeros of the determi-
trix with the same eigenvalues as the five lowest eigenvaluesant occur at the eigenvalues of the constrained fluctuation
of our problem. We let the computer choose four constraintspectrum. We note that there are no negative roots for nega-
randomly and ran the program many times. We were not abléve values ofA. The poles that appear in the plot lie at the
to see even one case in which the constraints remove the folgcations of the eigenvalues of the unconstrained spectrum.
negative eigenvalues. The distance between the third eigefhe four negative energies are readily identified in the figure.

DNA in nucleosomes. We are then faced with the problem o
solving for zeros of the determinant of the mat@y, . This
matrix is defined in Appendix A in EA6). The operatoi,

is given by
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GV

JU _H-U#ZL !
q( IR

FIG. 17. The determinant yielding the eigenvalues of the con-
strained fluctuation spectrum for the case of the constraints on the
FIG. 15. A figurative version of the actual set of constraints thatywo loops in Fig. 12 that are described in Sec. VIII. Note that this
were utilized in this set of calculations. In this picture, the “his- determinant as function of does not pass through zero for aky
tone” has been straightened out to resemble the cylindrical shape:o. Given that zeroes of the determinant are proportional to energy
that it actually takes. eigenvalues of the constrained fluctuation operator, we are assured
that the nucleosome configuration is stabilized against mechanical
It is worth noting that the stabilization leaves the segmenfluctuations.
with a positive eigenvalue that lies close to zero. In other
words the four constraints that were utilized were adequatéonfiguration remains to be worked out. Nevertheless, it has
to achieve mechanical stability, but only barely so. long been known that a few points of contact between DNA
As noted above, the choice of the four constraints that le@nd the histone spool suffice to stabilize the nucleosome
to stability of the nucleosomal configuration, was guided byl22]. We believe that issues of optimal efficiency will prove
known properties of the histone octamer. A variety of inves-relevant in discussions of the nuclesome in eukaryotic
tigations has revealed the existence of a spiral “trough” inchromatin.
the surface of the histori&,19,20. Such a trough will act to
constrain wrapped DNA against movement along the surface ACKNOWLEDGMENTS
of the histone spool that is parallel to that spool’s axis. In
particular, the section of DNA that is wrapped about the The authors acknowledge helpful discussions with W. M.
histone spool will not be allowed to move in such a way as to>elbart, K.-K. Loh, and V. Oganesyan.
alter the distance between adjacent coils, when that distance
is measured along a direction parallel to the spool axis. In APPENDIX A: THE INFLUENCE OF CONSTRAINTS ON
addition, we were guided by the results reported in Sec. VI, THE FLUCTUATION SPECTRUM:
in which it was demonstrated that an extended spiral is sta- GENERAL RESULTS
bilized by a periodic array of constraints equivalent to a set ) ) .
spiral as indicated in Fig. 10. spectrum of the operatd8.1) are readily expressed in terms
From investigations of the chemical electrostatic and con-
formational structure of the histone octamer, it is clear that
the points of contact between the histone and the DNA
wrapped around it exceed the minimal number that, accord-
ing to our results, stabilize the DNA segment against me-
chanical instabilities. However, it is satisfying that a “mini-
mal” set of constraints will also do the job. The significance
of this result for the mechanics and biology of the nuclesome

FIG. 16. The nuclesome configuration in this case. Note the FIG. 18. A figurative depiction of some of the constraints that
“histone” is in the form of a curved cylinder. The curvature is used were found to not stabilize the “nucleosome” configuration against
to fit into the two-loop structure that we investigate here. fluctuations.
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of the roots of a determinant. Here, we outline the way in

m m
which this formulation of the stability investigation is arrived > < £ ££AT')\ X|> => < g(L—xn) Lji—')\ X|>
at. The discussion in this section has appeared béidie It =1 =1
is repeated here for the convenience of the reader. m A

The investigation of the stability of a solution to a Euler- "y <§ —|X| >
Lagrange equation, such as the one relevant to the configu- =1 L=\
rations of interest to us here, can be framed in terms of the m
eigenvalue spectrum of a linear operator. This, in turn, can _ _
be recast in terms of the problem of finding extremal values _|:21 Ar(lx) +M(E€)=A.
for the expectation value (A7)

(&L]¢), (A1) In Eq. (A7) we have made use of the orthogonality &fo
the x,’s. We are also assuming that the functiéis normal-
ized. Thus, in solving for the value of that satisfies Eq.

where L is the linear operator. In the case at hands the  (ag) we are also determining the effective values of the ei-
operator in Eq.(3.1). The constraints are equivalent to re- genyajues of the constrained problem.
quiring that the, between which the operator is sandwiched,
is orthogonal to a set af x’s. There is also the constraint on .
the absolute magnitude @f The constraints are of the form APPENDIX B: TRANSFER MATRIX

When we are dealing with deep potential wells and large

negative eigenvalues, the usual numerical integration of a

(€l6)=1. (A2) differential equation over long intervals gives an erroneous
result. The reason is that as we integrate along a given path,
(&lx1y=0. (A3) the error starts growing exponentially, and the longer the

distance is, the more unreliable the final answer is. To avoid
this, we only integrated numerically over half of a loop and
In Eqg. (A3), the indexl runs from 1 tom. The equation for  with the help of the transfer matrix, we calculated the eigen-
the extremum of the quadratic forA1), subject to the con-  functions in other regions. If we have a potential in the in-
straints(A2) and (A3), takes the form terval 0<x=<L, and if the potential has reflection symmetry
aboutx=L/2, we can express a solutigr(x) and its deriva-
m tive at x=L/2 in terms of the two “primary” functions,
£|§>:)\|§>+|2 Al (A4) ®,(x) andd,(x), and their derivatives, dt/2, as follows:
=1

$(L12) )_(q)l(L/Z) <I>1(L/2))( t!/(O)) i/f(O))

The coefficientsx and A, are Lagrange multipliers, which (W(L/Z) Dy(L12) Dy(LI2))\ #'(0) ¥'(0)
enforce the constraints to which the system is subject. The (B1)
solution to the above equation is

Here, the functionsb,(x) and®,(x) satisfy the equation in
the interval. They also satisfy the boundary conditions

s A
6= 2 7= - (A5) ®41(0)=1, (B2)
$1(0)=0, (B3)
The Lagrange multiplierd, must now be adjusted to ensure
the orthogonality requirements. These requirements are of ®,(0)=0, (B4)
the form
d4(0)=1. (B5)
m
0=> A =G A, . (A6)  To find the function at the end of the intervad=L, we
21 '<Xk L=\ ‘X'> K reverse its sign in the middle and multiply By !, that is
. : - L 0
This set ofm equations for the Lagrange multipliers has ( d/,( ) ) =RT‘1RT( l!’,( ) ) (B6)
nontrivial solutions only if the determinant of thex m ma- P’ (L) ¥'(0)
trix G is zero. The equatiofGj|=0 represents a condition
on the parametex. where
Now, given a solution to Eq(A6), we take the expecta-
tion value (¢££). Substituting from the right-hand side of R= 1 0 (B7)
Eq. (A6), we find for this expectation value 0 -1/
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Effectively, we have a potential of the form of Fig. 3 and an W(X) ¥(0)
interval equal to 2. / /
To get anywhere along two loops, we use the appropriate v (x) ¥'(0)
combination of the above transfer and slope-reversing matrior, to obtain the solution in the intervalL®<x<2L, one
ces. It is useful to construct a look-up table of the “frac- utilizes
tional” transfer matrixt(x), where
( P(X)

' ()

):Rt(L—x)RTlRT( ) (B9)

¥(0) )

_ _ —1 —1
) Rt(2L—x)RT !RTRT RT(WO)
(B10

t(x)=

(‘1>1(X) ‘Pi(X))
: (B8)

Dy(x)  Dy(x) : _
Equation(B10) may appear very complex. However, it saves
a considerable amount of computational time and leads to a
where Osx=<L/2. With the use of this matrix, we can con- reliable answer. One good measure of the accuracy of our
struct solutions throughout the interval. For instance, to obanswer is the Wronskian of the two independent solutions of
tain the solution in the intervadl/2<x=L, one makes use of the differential equation, which was found to be constant, as

the following relationship: expected, along the interval.
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